Forced vibrations of a
nonhomogeneous string
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Abstract

We prove existence of vibrations of a nonhomogeneous string under a
nonlinear time periodic forcing term, in the case the forcing frequency
avoids resonances with the vibration modes of the string (non-resonant
case). The proof relies on a Nash-Moser iteration scheme.!

1 Introduction

In this paper we study forced vibrations of a nonhomogeneous string

p($>utt - (p(x)u:c):c = uf(a:,t, U’) (1)
u(0,t) =u(m,t) =0

where p(x) > 0 is the mass per unit length, p(z) > 0 is the modulus of
elasticity multiplied by the cross-sectional area (see [13] p.291), u > 0 is
a parameter, and the nonlinear forcing term f(z,t,u) is (27 /w)-periodic in
time.

Equation (1) is a nonlinear model also for propagation of waves in non-
isotropic media describing seismic phenomena, see e.g. [2].

We look for (27 /w)-time periodic solutions u(z,t) of (1).
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This problem has received wide attention starting from the pioneering
paper of Rabinowitz [21] dealing with the weakly nonlinear homogeneous
string p(z) = p(x) = 1, p small, and the forcing frequency w = 1 which
enters in resonance with the proper eigen-frequencies w; = j € N of the string.
For functions 27-periodic in time and satisfying spatial Dirichlet boundary
conditions, the spectrum {I2—32, 1 € Z, j > 1} of the D’Alembertian operator
On — Oy pOssesses the zero eigenvalue with infinite multiplicity (resonance)
but the remaining eigenvalues are well separated. The corresponding infinite
dimensional bifurcation problem is solved in [21] for nonlinearities f which
are monotone in u; see [6] and references therein for non-monotone f.

Subsequently many other results, both of bifurcation and of global nature
(i.e. = 1), have been obtained, still for rational forcing frequencies w € Q,
relying on these good separation properties of the spectrum, see e.g. [22, 23,
12, 26, 4] and references therein.

When the forcing frequency w € R\ Q is irrational (non-resonant case)
the situation is completely different. Indeed the D’Alembertian operator
w20y — Oy, does not possess the zero eigenvalue but its spectrum {w?i? — 52,
|l € Z, j > 1} accumulates to zero for almost every w. This is a “small
divisors problem”.

We underline that this “small divisors” phenomenon arises naturally
for more realistic model equations like (1) where the density p(x) and the
modulus of elasticity p(x) are not constant. Indeed in this case the eigen-
frequencies w; of the string are no more integer numbers, having the asymp-

totic expansion
2
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with suitable constants ¢, b depending on p, p, see (55).

If w=m/n € Q, good separation properties of the spectrum can been
recovered when p(z) = p(x) (so ¢ = 1) and assuming the extra condition
b # 0, see [3, 24]. Indeed in this case the linear spectrum
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possesses at most finitely many zero eigenvalues and the remaining part of the
spectrum is far away from zero. On the other hand, if b = 0, the eigenvalues
with (1, 7) € (n,m)Z tend to zero (also in the case w € Q!).

Existence of weak solutions in the non-resonant case was proved by Ac-
quistapace [1] for p = 1, for weak nonlinearities (i.e. p small), and for a

zero measure set of forcing frequencies w for which the eigenvalues w?l* — w?



are far away from zero. These frequencies are essentially the numbers whose
continued fraction expansion is bounded, see [25].

For a similar zero measure set of frequencies, McKenna [18] has obtained
some result when p =1, for p = p =1, and f(t,z,u) = g(u) + h(t,z) with
¢ uniformly Lipschitz, via a fixed point argument, see also [5]; see [16, 9] for
related results using variational methods.

Existence of classical solutions of (1) for a positive measure set of frequen-
cies was proved by Plotnikov-Youngerman [19] for the homogeneous string
p=p=1, psmall, and f monotone in u. The monotonicity condition allows
to control the first coefficient in the asymptotic expansion of the eigenvalues
(as in (2)) of some perturbed linearized operator.

Recently Fokam [17] has proved existence of classical periodic solutions
for large frequencies w in a set of asymptotically full measure, for the homo-
geneous string p = p = 1 plus a potential, when =1 and f = u® + h(t, )
with h a trigonometric polynomial odd in time and space.

In the present paper we prove existence of classical solutions of the non-
homogeneous string (1) for every p(x), p(z) > 0, for general nonlinear terms
f(x,t,u), and for (p,w) belonging to a large measure Cantor set B, when
the ratio p/w is small, see Theorem 1, covering both the case y — 0 and the
case w — +00.

In the limit p/w — 0 the solution we find tends to a static equilibrium
v(x) with smaller, zero average oscillations w(zx,t) of amplitude O(u/w),
see (9),(10) and figure 1. The nonlinearity f selects such v through the
infinite dimensional bifurcation equation (7) which possesses non-degenerate
solutions under natural assumptions on f, see hypothesys (V). This problem
was not present in [17] thanks to the symmetry assumptions on f.

L. U=v+w

AN W

Figure 1: The solution u(z,t) = v(z) + w(z,t) of (1).

Considering the structure of the expected solution it is natural to attack
the problem via a Lyapunov-Schmidt decomposition.

In the range equation (to find w) a small divisors problem arises and
we solve it with a Nash-Moser type iterative scheme. The inversion of the



“linearized operators” — which is the core of any Nash-Moser scheme — is
obtained adapting the technique of [7] to the present time-dependent case
(section 4). See also [10, 11, 14, 15] for similar techniques.

It is here where the interaction between the forcing frequency w and
the normal modes of oscillations of the string linearized at different positions
(approximating better and better the final string configuration) appears. The
set B, of “non-resonant” parameters (u,w) for which we find a solution of
the range equation (and then of (1)) is constructed avoiding these primary
resonances. In particular the forcing frequency w must not enter in resonance
with the normal frequencies of oscillations of the string linearized at the
limiting solution, see (11). At the end of the construction we obtain a large
measure Cantor set B, which looks like in figure 2. Outside this set the effect
of resonance phenomena shall in general destroy the existence of periodic
solutions like those found in Theorem 1.

We now present rigorously our results.

1.1 Main result

After a time rescaling we look for 27-periodic solutions of

{uﬂp(x)utt — (p(x)uy)e = pf(,t,u)
u(0,t) = u(m,t) =0

where p € [0, fz] for some i > 0, under the 2w-periodic forcing term

f(z, t,u) Zflxu b= folx,u) + f(x,t,u) (4)

where f(x,t,u) = Do Jilw, w)e™.
We suppose that f is analytic in (¢, u):

ZL’ t, U Z flk z'lt

I€Z,kEN
where fi,(z) € H'((0,7);C) and® [y = fj.
Hypothesis (F). There exist og > 0, r > 0 such that

“+oo
D fwlli (14 12)elPm2 = CR(f) <00 and Y Cy(f)r < co.

leZ k=0

22* denotes the complex conjugate of z € C.
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For example, any nonlinearity f(z,¢,u) which is a trigonometric polynomial
in ¢ and a polynomial in u satisfies hypothesys (F) for every oy, r.
If f(z,t,0) # 0 equation (3) does not possess the trivial solution u = 0.

We look for periodic solutions of (3) in the Hilbert space

Koo i= { s T = H((0,7):R), u(w,t) = > w@)e™, w € Hy((0,m); C),
leZ

w =, ul2, = D lll (1412 < o f
leZ

of 2m-periodic in time functions valued in H*((0, 7); R) which have a bounded
analytic extension on the complex strip |Imt| < o with trace function on
|Im ¢| = o belonging to H*(T; H'((0,7);C)). For s > 1/2, X, is an algebra:

||uvl|a,s < CSHUHU,SHUHU,S Vu,v € Xgs

with ) /2
e 25< ) .
¢ Z 1+ n2s
nez
We shall use the notation X,, resp. || ||,, for Xy 1, resp. || ||o.1-

To find solutions of (3) we implement the Lyapunov-Schmidt reduction
according to the decomposition

Xos=VoWnX,,)

where 4
V= Hy(0,7), W= {w = Zwl(x) et € XO,S}
1£0
writing every u € X, 5 as u = ug(x) + >, w(z) e
Projecting equation (3), with u(x,t) = v(x) + w(z,t), v € V, w € W,
yields

ilt

()

—(pv") = plly f(v + w) bifurcation equation
Low = plly f(v + w) range equation

where Ily, IIy denote the projectors, f(u)(x,t) := f(z,t,u(z,t)) and
Lou := w?p(x)uy — (p(2)uy), -

We shall find solutions of (5) when the ratio p/w is small. In this limit
w tends to 0 and the bifurcation equation reduces to the time-independent
equation

— (") = pfov) (6)
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because, by (4), for w =0,

HVf(U) = HVfO(x7U(x>> + va(l’,t, U("E)) - fO(U) :

The infinite dimensional “0O-th order bifurcation equation” (6) is a nonauto-
nomous second order ordinary differential equation, which, under natural
conditions on fy, possesses non-degenerate solutions satisfying the boundary
conditions v(0) = v(m) = 0.

Hypothesys (V). The problem

(7)

admits a solution v € HJ (0, ) which is non-degenerate, namely the linearized
equation

—(ph) = u fo(0)h
possesses in H}(0,7) only the trivial solution h = 0.

We note that for u = 0, the trivial solution v = 0 is non-degenerate, so,
by the implicit function theorem, Hypothesis (V) is automatically satisfied
for 4 small. We deal also with the case p not small, see for example Lemmas
2 and 3.

For the difficulties with a possibly degenerate solution we refer to [8].

Let \; denote the eigenvalues of the Sturm-Liouville problem

~(p(e)y (@)’ = Ml )y() .

y(0) = y(m) = 0
and w; = \/7] . These are the frequencies of the free vibrations of the string
(note that all the eigenvalues \; are positive). Physically, it is the sequence of
the fundamental tone w; and all its overharmonics ws, w3, ... which compose
the musical note of the string.

Theorem 1. Suppose p(z), p(x) > 0 are of class H3(0,7), f satisfies (F)
and hypothesys (V) holds for some ug € [0, i]. Consider the open set

Ap = {(,u,w) € (p1, p2) X (7, +00) : |wl—wj| > llT’ Vi=1,...,No, j> 1}

where w; are defined by (8), v € (0,1), 7 € (1,2), (u1, p2) is a neighborhood
of o (see Lemma 4) and Ny = No(p,p, f, 1, 0,7) € N is fized in Lemma 7.
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(Existence) There are constants C', C' > 0 depending only on p, p, f, ii, 0, T,
a C* function

w:fl::Aoﬂ{(,u,w) : gSC'VS}H o2 MW

and a large, see section 3.3, Cantor set B, C A, such that for every (p,w) €
B, there exists a classical solution of (3)

a(p,w) = v(p, W(p,w)) +w(p,w) € Ve (WNXynm) 9)

satisfying
- 1 - u
[@(p, @)l 2 < O [0, (s, w)) = v(p, 0) || < ¢ (10)

and ||v(p,0) — || < Clp — pol. The Cantor set B, is explicitely

2
{ € (p1, p2) X (29, +00) : |wl—w;| > l—j Vi=1,...,Ng, j >1,
2
ggC' ’, ‘wl——‘> |qu—cTJj(,u,uJ)|>l—T7 Vl,jzl} (11)
where s 12
== / (@) dzx (12)
T Jo \p(x)

and \;(p,w) = @3 (p,w) denote the (possibly negative®) eigenvalues of the

Sturm-Liouville pmblem

{—(py’)’ — plly f'(v(p, (g, w)) + (g, w)) y = Apy
y(0) =y(m) =0.

(Regularity) Suppose, furthermore, p(x) € H™(0,7), p(x) € H™ (0, ),
fu(x) € H™0,7) and 3, | firllgmrl, < 00 for some m > 3, v, > 0. If
[a(-, )| gy < rm/Com for some Cy, > 0, then a(-,t) € Hy(0,7) NVH™ (0, 7).

This conclusion holds true, for example, when fo(x,0) = d,fo(z,0) = 0
(so v(p,0) =0, Yu) for p/yw small enough, by (10).

(13)

Fixed pu, for every frequency w in the section

—{u} GU»\/eOlB}

3In this case wj(u,w) = iy/|Aj (4, w)| is a purely imaginary complex number.



K'vPw

Figure 2: The Cantor set B,.

there exists a solution of (1) by Theorem 1. S(u) has asymptotically full

measure at w — 400, i.e.

lim [S(p) N (w,w+1)]=1.

w——+00

Analogously, fixed w, for every p in the section

S(w) = {p: (n,w) € Uyeoy By }
there exists a solution of (1). For u small enough, also S(w) is a “large” set:

for every 4/ € (0,1), v’ > 0,

I

e a1 @O

{

lim
pu—0
see section 3.3.

The symbols K, K; shall denote positive constants depending

Notations.

A,7,T.

Only on p7p7f7

2 The bifurcation equation

We first prove the analyticity of the Nemitski operator induced by f.



Lemma 1. Let [ satisfy assumption (F). For every o € [0,00], s > 1/2, the
Nemitski operator f is analytic on the ball {u € X, : cs||uf|ss <7}

Proof. First note that

1/2 1 1/2
Sl < \@Z ]| e < \@(Z el 1+ 29 (; ngs)

leZ leZ IEZ

50 [|ulloo < csl|t]los, Vu € Xos, 0 >0, s > 1/2, and f(z,t,u(z,t)) is well-
defined.

By definition of the norm || ||,, there exists C' := C(oy, s) > 0 such that
Vo € [0,00], Vk € N,

I fir@)ell, . < CI D fie@)e |y, = CCulf) < +oo

leZ leZ

by the assumption (F). Hence, for c;||ul, s < r, using the algebra property
of X, s,

[f(W)os < Z Z Ju( th kH < CZ Ci(f) (CSHUHU,S)k

IEZ

again by (F). The analyticity of the Nemitski operator f w.r.t. || ||, s follows
from the properties of the power series (see e.g. [20], Appendix A). B

Throughout this paper we shall use the spaces X, with o € [09/2, 0¢]

and s € § = {1,1 - 5= 1+ ( T} So we can choose a multiplicative
algebra constant on XU,S and a radlus Ry such that in the ball {u € X, :
|lullss < Ro} f is analytic, and f, f’, f”,... are bounded, uniformly in o, s.

We now give an example in which hypothesis (V') holds.

Lemma 2. Suppose fo(x,u) = u™ for m > 3 odd and p(x) = 1. Then, Vpu,
there exists an unbounded sequence of non-degenerate solutions v, of (7).

Proof. All the solutions of the autonomous equation —v” = pv™ are periodic
and can be parametrized by their energy

Ezlv'2+7u m

2 me1’



We denote T the period of the solution vg. We can suppose vg(0) = 0, so
vz(0) = V2E. The other boundary condition vg(m) = 0 is satisfied iff

T
kJTE = for some k € N. (14)

By symmetry and energy conservation vg(Tg/4) = [(m + 1)E//vc]v++1. So

|:(m+1)E #H

S )

4(m + 1/p) 7 C(m, 1)

[t -
E%_%ﬂ 0 2(1 —ym+1) E%_mlﬂ

by the change of variable y = z [E(m + 1)/u]_m;+1, and (14) is satisfied at
infinitely many energy levels. Let £ > 0 such that Tz = 27/k and denote
the solution v := vg.

Let us prove that v is non-degenerate. Any solution A of the linearized
equation at v,

Tk

—h"(x) = pm o™ (z) h(z) (15)

can be written as h = Av 4+ B, A,B € R, because v'(z) and [(x) :=
(OpvE)p=g(x) are solutions of (15); they are independent because v'(0) # 0
while (0) = 0. If h(0) = 0 then A = 0. We claim that §(m) # 0; as a
consequence, if h(m) = 0, then B =0, and so h = 0, i.e. ¥ is non-degenerate.
To prove that 3(w) # 0, we differentiate at E the identity vg(kTg/2) = 0,

B(m) 4+ 0" (7)(0eTe)|p=p = 0.

Since ¥'(7) = (—1)¥ v/2E # 0 and 0Ty # 0, we get 3(7) #0. B

Lemma 3. If fy(z,0) = d,fo(z,0) = 0, then v = 0 is a non-degenerate
solution of (7) for every p.

Proof. The linearized equation —(ph’)’ = 0, h(0) = h(w) = 0 has only
the trivial solution. W

When hypothesys (V) holds at some (ug, v), we solve first the bifurcation
equation in (5) using the standard implicit function theorem. We find, for
every w small enough and g in a neighborhood of g, a unique solution
v(u, w) of the bifurcation equation.
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Lemma 4. There exist 0 < R < Ry, a neighborhood [u1, ps] of po and,
Vo€ l|oo/2,00], s €S, aC>® map

1, pa] X {w € WN Xos 2 [wllos <R} =V, (1, w) = v, w)
which solves the bifurcation equation in (5).
Proof. The linear operator
h— =(ph')" = podu Iy f(v)[h] = = (p')" = po f(v) h
is invertible on Hg (0, 7) by hypothesys (V). R

Remark 1. The solutions of the Oth order bifurcation equation (7) found in
Lemmas 2 and 3 are non-degenerate for every p, so, in such a case, we can

continue v(p, w) for all [puy, pe] = [0, fi].

We denote by \;(u, w) := wi(u, w) the possibly negative eigenvalues of
the Sturm-Liouville problem

—(py') — plly f'(v(p, w) +w) y = Apy
y(0) = y(m) =0.

By a comparison principle, see the Appendix, the eigenvalues of (16) satisfy

(16)

Al w) = X (W) S K (Jp= |+ Jw = w'los) . (17)
The non-degeneracy of v := v(uo, 0) means that A;(p0,0) # 0 Vj and by (17)
5o = inf{})\j(,u,w)‘ D1 € ey Wl < R} >0 (18)

eventually taking R smaller. Note also that the index jp of the smallest
positive eigenvalue is constant, independently on (u, w).

3 Solution of the range equation

It remains to solve the range equation
Loyw = plly F(u, w) (19)

where

Fp,w) = f(o(p,w) +w).
By the previous lemmas, F is C* and bounded, togheter with its derivatives,
on [f, po] X Br where B :={w e WNX,; : [|w|ss < R}.

11



3.1 The Nash-Moser recursive scheme
We define the sequence of finite-dimensional subspaces
wr .= {w = Z wl(m)eilt} cw
1<||<Nn
where N,, := Ny2" and Ny € N. We also set
Wt .= {w = Z wy(x)e™ € W}
[I|>Nnp

and denote P, the projection on W, Pt on WL For w € WML the
following smoothing estimate holds: if 0 < ¢” < ¢/,

[wllors < exp[—(o" — ") Nu] [lw]lo,s - (20)

The key property for the construction of the iterative sequence is the invert-
ibility of the linear operator

L, (w)h := —L,h + pP,[d,F (1, w)h] (21)
= —Loh+ pP,[f (v(p, w) +w) (b + dyo(p, w)[R])] Vhe W™,

Lemma 5. (Inversion of the linear problem) Let T € (1,2), v € (0, 1),
o € (0,00]. Assume* w >~ and the non-resonance conditions:

’wl—Z
c

>% Vi=1,2,...,N,, ¥j>1 (22)

where ¢ is defined in (12), and

yw
lT—l

w1 — N\j(p, w)| > Vi=1,2,...,N,, j>1 (23)

where \;(p, w) are the eigenvalues of (16).
Let u := v(p,w) +w. There exist Ky, K| such that, if

"
5 I )z < K (24)

then L, (w) is invertible and

K N7

yw

1L (w) ™ Ry < e Yhew®™. (25)

4This means that equation (3) is non-autonomous indeed.
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Proof. In section 4. B

For ¥ := 30 /7% we define the sequence

9 o
m, 0'0>O'1>O'2>...>?0. (26)

On41 = Op —

Lemma 6. (The approzimate solution) If (,w) € Ay and uNj*/yw <
K} is sufficiently small, then there exists a solution wq := wo(u,w) € WO

of
Lowo = pPoJF (1, wo)

satisfying ||wolls, < uKoNg ' Jyw for some K.
Proof. By definition of Ay in Theorem 1, the eigenvalues of (1/p)L,, satisfy

W =Nl > 5 VI=12. N, Vi

so L, is invertible on W and, for some K,

KN;™t

L', <
125 Rlloy < =220

lhlloy — VheWO. (27)

Then we look for a solution wy € W of wy = puL;' PoF (i, wp). The right-

hand side term is a contraction in {|jwol|,, < R} if uNj ' /yw is sufficiently
small. W

Given w, € W™ ||lw,|l,, < R and A, C Ay, we define

Api1 = {(u,w)EAn s wl = wj(p, wy)| >llf’ ‘wl—%‘ >ZlT,
Vi=1,2,..., Ny, j21}gAn

where \;(p, wy) = w?(p, wy,) are defined in (16) with w = w,,.

In Lemma 6 we have constructed hy := wq for (u,w) € Ag. Next, we
proceed by induction. By means of wy we define the set A; as above, and we
find wy := hg+hy € WO for every (u,w) € Ay by Lemma 7 below. Then we
define A,, we find wy € W® and so on. The main goal of the construction
is to prove that, at the end of the recurrence, the set of parameters (u,w) €
N, A, is actually a large set.

Lemma 7. (Inductive step). Fiz x € (1,2). Suppose that h; € W@,
Vi=0,...,n, satisfy

KNy

[hillo; < TGXP(—Xi) (28)
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where Ky 1s the constant in Lemma 6; Yk = 0,...,n, wg := hg+ ...+ hg
satisfies | wg||s, < R and

and suppose that (pu,w) € A,, where A; 1 is constructed by means of w; as
showed above.

There exist No = No(p,p, [, 11,0,7) € N and K} such that: if (p,w) €
Ap1 and p/yw < K}, then there exists hy,y 1 € W™D satisfying

KNy

U () (30)

H hn-i—l ||Un+1

such that w11 = Wy + hngq verifies || Wpyi|lo,,, < R and
Lowpi1 = pPpia F(p, W) - (31)

Proof. In short F(w) := F(u, w) and DF(w) := d,F(u, w). Equation (31)
for wpi1 = wy + hngr 18 Lofwy + hnga] = pBp 1 F(wn + hyyr).

By assumption, w,, satisfies (29) for k = n, namely L,w, = uP,F(w,),
so the equation for h, ., can be written as

L1 (Wn)hn iy + p(Pogy — Po) F(wn) + pPrn@Q = 0 (32)

where, as defined in (21), L, 11(wn)hni1 := —Lohpii+ pwPri1 DF(wp)hyia,
and () denotes the quadratic remainder

Q = Q(wm hn—i-l) = "T(wn-i-l) - "T(wn) - D"T(wn)hn—kl .

Step 1: Inversion of £, 1(w,). We verify the assumptions of Lemma 5. By
definition of A, 1, w satisfies (22). If \;(u, wy,) < 0, then |w?? —\; (g, wy)| >
w2l% > qyw/I™ because w > 7. If A\j(p, w,) > 0, we have

yw
ZT—I

|W21% — N, wy)| > wl — wj(p, wy)|wl > Vi=1,..., Ny
because (4, w) € A,41. In both cases the non-resonance condition (23) holds.

To verify (24) we need an estimate for w,,. Let n :=7(7 —1)/(2 —7) and
a > 0. Using the elementary inequality

1 4 [240)  p2(o—a)ll] 2121 2( n

2n
e < aw < 2(5) - vizo

we deduce

Cy

0 — Opy1)"

| i

g4

||hi||0n+1,1+17 < (

14



where C), := V2(n/e)". Since 0; — 0y > 05 — 044 for every i < n,

T—1
< Sn ILLK2N0

Il tsn € 3 Wil < G 3~ Ul < 5, 1020
using (28) where S, = (C,/9") 1% (i + 1) exp(—x') < 4oo. If S, uK,
N 'y < R then ||f (w)llopsr gty < K where u,, == v(p, wy,) + w,, and
hypotheses (24) is verified for p/v3w < K’ sufficiently small.

Analogously we get ||wy||,, < R if uNj~'/yw < K" is small enough.

By Lemma 5 the operator £, (w,) is invertible on W™+ and
K NT 1
[Casa(in) bl < S B VR EWEL (3

Equation (32) amounts to the fixed point problem
hn+1 - _M£n+1(wn>_l [(Pn+1 - Pn)f(wn) + Pn+1Q = g(hn—i-l)

for 41 € WO+,

Step 2: G is a contraction. We prove that G is a contraction on the
ball Bi1 = {||hlloy.y < Tn1} where rppq = (WKNJ " /yw) exp(—x"1),
implying (30). By (20)

1Py = Ba) F(w)llonsn < IF(wn)llo, expl=(on = oni1) N

Since ||wyls, < R, we have ||Q||o, ., < K| hni||? Hence, by (33),

On+1"°
puNTL )
IG(uns1) s < K 2 (expl=(on = onen) N + il ) -
Therefore G(B,11) C By if
HKN;_I Tn41 WK N, T ! Tnt1
T-H eXp[_(Un - Un+1)Nn] < 2+ ) Yw -~ r121+1 < 2+ : (34)

By the definition of o, in (26) and N,, := Ny2", the first inequality is verified
for every n > 0 if ¢ Ny is greater than a constant depending only on v, K, Ks.
The second inequality is verified for every n > 0 if uNJ '/yw < K’ is small
enough.

The estimate for |[Gh — Gk||, h, k € B,+1 is similar. By the Contraction
Mapping Theorem we conclude. W
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Corollary 1. (Existence) Suppose A := (V50 A4n # 0. If (p,w) € Ax
then -

Woo (14, W Zh pw) € WN Xgy

n>0

is a solution of the range equation (19) satisfying | Wool|so/2 < Ksp/yw, and

Uoo 1= V(b Woo (14, W)) + Woeo (pt, w) € X2
is a classical solution of (3) satisfying (10).

Proof. Since w, solves (29) for k = n, —L,w, + plly f(u,) = pP:f(uy)
€ WL where u,, := v(u, w,) + w,. By (20)

lim || — L, wn+pf(un)||ao/2< hm K exp|—(o, — 00/2)N,] =0.

n—-4o0o

Since w, — We N || ||5e/2 also f(un) — f(teo) in the same norm, while
L,w, — L,ws in the sense of distributions. So ws, is a weak solution of the
range equation (19) and e = v(, Woo (i1, W) )+ Woo (1, w) € X,y /2 is @ weak
solution of (3).

Finally, by the equation, 0,(p(x)0,u~(x,t)) is a continuous function in
(x,t) and, Vi, us(-,t) € H3(0,7) C C? is a classical solution of (3). W

Remark 2. We shall prove, as a consequence of Lemma 11 and section 3.3,
that A is actually a positive measure set. A possible way to prove it uses
the Whitney extension of ws, see section 3.2.

Lemma 8. (Regularity) Suppose p(x) € H™(0,n), p(z) € H™™(0,7),
fie(x) € H™(0,7) and >, . || fik|l =1k, < 0o for some m > 3, 1, > 0.

There exists K, such that if the solution us of Corollary 1 satisfies
too(-, 0|1 < Ko, then us(-,t) € H™2(0,7) N HY(0, 7).

Proof. For every fixed t, by the algebra property of H™
| £ (@, t,u(z, ) || g < Z [ fur()u” ()] gm < C Z 1 foell e (1| £

Using the Gagliardo-Nirenberg type inequality ||u®||gm < (Co |||l g ) ||| zrm
valid for every u € H} N H™, we get

1/ (@, u(@, )] o _CIIUIIHmZHfzkIHm (Conllull)™" (35)

which is convergent for ||u| g1 < 7,,/Cy,. The solution u := u., satisfies
_(p(m)uz)z = :U“f(mv t? U) - p<x)utt (36)

16



and u(-,t) € H3(0, ), Vt. Suppose ||ul|g1 < rpm/Cr. By induction, assume
u(-,t) € H* for k = 3,...,m. Hence uy(-,t) € H* and by (35) f(x,t,u) €
H*. This implies by (36) that u € H**. W

Remark 3. The solution u. is small if v(p,0) = 0, because ||uoo||m <
toolloore < Kp/yw. In this case uso(-,t) € H™? for p/yw small enough.

3.2 Whitney C* extension

The functions h,, constructed in Lemmas 6 and 7 depend smoothly on the
parameters (i, w).

Lemma 9. There is Ky, K such that for u/v3w < K}, the map h;(p,w) €
C=(A;, W), and

Ky

10ushi (1 ) [l < o exp(—xp)s  [10uhi(p,w)

K, Z.
o; S - eXp(_XO)
yw

where xo := (1 + x)/2.

Proof. Since wy = uL,' PyF (11, wp), by the implicit function theorem the
map wo(u,w) € C°(Ay, W), Differentiating the identity L,(L;'h) = h
w.r.t. w, by (27), we get [|0,L; h]loo < (K/v*w) ||h||gy- For p/yw small,

K
|0wollsy < S5

Differentiating w.r.t. p we get also ||0,wol|s, < K'/yw.
By induction, suppose that h; depends smoothly on (i, w) € A; for every
i=0,...,n. For (u,w) € A,41, by (31), hpyq is a solution of

_Lwhn—i-l + ,upn+1[f(wn + hn+1) - f(wnﬂ + :u(Pn—i-l - Pn>f(wn> =0. (37)
By the implitic function theorem h,,; € C* once we prove that
Loi1(wni1)[z] = — Loz + pPpia DF (wy + hyy1)[2]

is invertible. By (33), £, 11(w,) is invertible. Hence it is sufficient that

|

which holds true for p?/yw small enough, since, by (30),

[’;—il—l (wn) (L1 (Wnt1) = Loy (wy))

- 1
On+1 2 ’

/LQK,NJ_I
yw

n-i—l) )

| Lo (wWnyr) — £n+1(wn)||0n+1 < KM”hn+1H0n+1 < exp(—x

17



Finally (33) implies

2K\ N 71 (38)

H‘Cn—l—l(wn-‘rl)_1||0n+1 S Yw

Differentiating (37) w.r.t. w

Lyt1(Wni1)[Ouhns1] = 2wp(2)(hnt1)ee — 1(Ppy1 — Pp) DF (wy) uwn,

and, using (38) and (20),

KNT—I

d,w
HaWh'n"l'l||‘7n+1 S ’yi(:l}“ <wNT2L+]_Hh'n+1||Un+1 + 'LLH w n||U'n

exp[(on — 0pt1) Vo]

+
+ 1l sl 910, )

We note that ||0,wylls, < D oig |00k
|0uhnls, satisfies

o;- Using (34) the sequence a,, :=

n

-1 n

< KN;L—-FI N2 WYTn+1

nt1 S —— — |wW n+1rn+1+7N7_1 E az“f‘lﬂ"n+1§ a;
Tw n+l  —g i=0

IN

" K
bpi1 <1 + Z ai) where b, = 72—5 Ngj:ll exp(—x"),
=0

recalling that r, 1 = (uK/yw)exp(—x""!). By induction, for Ku/wy? < 1,
we have a,, < 2b,, and

K'p N
< ——exp(—xg )

n+1
)< o

Kp
||awhn+1HUn+1 < % ‘Nn——:—_l1 eXp(—X

where xo := (1 + x)/2. It follows that ||Opwni1l|en,, < Kp/7?w.

Differentiating (37) w.r.t. u we obtain the estimate for d,h,,. B

Define, for vy > 0,

n

e () A 94 > )

4
A, = {(,u,w) € A, : dist((p,w), 0A,) > 2oy } C Al

18



Lemma 10. (Whitney extension) There exists w € C*(Ag, W N X /2)
satisfying

- Ksp ~ Cu - C
D (1, W) ||y < ] |0 (1, )| 5072 < e 10,0 (1, w) || 2 < i
(40)

for some C := C(ny) > 0, such that, ¥(,w) € As = )20 An, W(p,w)
solves the range equation (19). -

Moreover there exists a sequence b, € C*(Ag, W ™) such that W, (u,w) =
w, (1, w), Y(p,w) € A,, and

- - Ksu "
01, ) = Bt ) o2 < —2= exp(=x") (41)

Proof. Let ¢ : R? — R be a C* function supported in the open ball
B(0,1) of center 0 and radius 1 and with [, ¢ = 1. Let ¢, : R — R be
the mollifier
Ny (N;
o) = e )

Supp (¢n) C B(0,97*/N3) and [g. ¢, = 1. We define 4, : R* — R as

nle) = (o 0) (2) = [ oy = @) 0) dy

where x 4- is the characteristic function of the set Aj. 1, is C*°,

3

N,
i@ < [ Do Dy < ot @)

where C':= [L, [Dy| dy,
0< 1%(@ < 17 Supp(¢n) C Ana ¢n($) =1 Vze An .

We define, for (u,w) € Ay, the C* functions

B (11, w) := {0”(“’w>h”(“’w) %f (h,w) € Ay

and



The estimate for [|i]|s, /2 follows by ||hills, < [|hills; (because 0 < ¢; < 1)
and (28). The estimates for the derivatives in (40) follow differentiating the
product h; = t;h; and using (42), (28) and Lemma 9. Similarly it follows
that w is in C*°, see [7] for details.

For (ju,w) € A,, ¥y (pt,w) = 1, implying @, = w,. As a consequence, for
(11,w) € A :=,,20 An, by Corollary 1, 1 = ws, solves (19).

Finally, using (28),

K'n
Yw

~ ~ 7 K:U/ ) n
& = Blloge < D Mhillo, < ) o OP(X) < — ().

i>n+1 i>n+1

Lemma 11. There exist K. such that if p/v*w < KL and vy < KL then
B,CA, Yn>0
where B, is defined in (11).

Proof. By induction. Let (u,w) € B,. Then (p,w) € Ay if Ay contains the
closed ball of center (i, w) and radius 2vpy*/N3. Let (@', i) belong to such
a ball. Then, VI =1,..., Ny,

2y 21y

W'l — w;| > Wl — wj| — |w— |l > TN =

if IZ0) S ]_/2

Suppose now B, C A, and let (y,w) € B,. To prove that (i, w) € A1,
we have to show that the closed ball of center (u,w) and radius 2vpy* /N2,
is contained in A,;1. Let (1/,w’) belong to such a ball. The non-resonance
condition on |w'l — j/c| is verified, as above, for vy < 1/2. For the other
condition, we denote in short w? (1//,w’) 1= w; (', wp(p',w')) (see (16) for the
definition of w;(u,w)). It results, VI =1,..., N1,

W'l —wi (W) > |wl = @(p,w)| = |w — Wl = |} (1, W) = O (1, W)
2y 2uy'l n -
Z_T - Ns,_H - ‘wj (:u,7 w,) - w]’(:ua w)|
3y n .
> o T Wi (', ') — @, W) (43)

if vy < 1/4. We now estimate the last term

W™ (4, W) — @ (1, w)| = PG ) = A w)l AT W) = Ay w)
J ’ I\ |(I)j(,u,w)‘—|—|wy(,ul,wl)‘ — \/%
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by (18), both for j < jo and for j > jo. By the comparison principle (17)
5o PN (s w') = A (s w)| < K= 1| + K |wn (1, &) = (11, 00) |2 -

By Lemma 9, ||0.wn||oe/2, [|0uwWnlo/2 < Ko/wv?, and being w,w’ > 7,

K' vyt
O T I=1,..., Ny

!/ !/

if vy is small enough (1 < 7 < 2). On the other hand, since (u,w) € A, we
have wy,(u,w) = W, (¢, w) (Lemma 10) and, by (41),

i

1%
—X") < —,Vl=1,....N,
Yw eXp( X) 8[7—7 9 ) +1

K |lwn(p, w) = (w2 <
for y1/7*w sufficiently small. By (43), collecting the previous estimates,

W'l — Wi (p, )| > llT’ Vi=1,...,Np1

and (p',w’) belongs to A, ;. A

3.3 Measure of the Cantor set B,

In the following R := (i, 1) x (w',w") denotes a rectangle contained in the
region {(u,w) € [p1, pa] X (27, +00) : p < Kjy°’w}. Furthermore we consider
w”’ —w' as a fixed quantity (“of order 17).

Lemma 12. There exist Kg, K§ such that, Vi € [u1, pa], the section
Sy() = {w: () € By}
with pjwy® < K§ in the definition (11) of B.,, satisfies the measure estimate
1S, (1) N (W', w")] > (1 — Kgy) (" — ) (44)
for v small. As a consequence, for every R := (p/, ") x (w', w")
B, R| > R (1- Ke). (45)

Proof. We consider just the inequalities |wl — @;(p,w)| > 2v/I7 in the
definition of B,. The analogous inequalities are simpler because j/c and w;
do not depend on (p,w).
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The complementary set we have to estimate is
C:= U le
Lj=>1

where Ryj := {w € (W, ") ¢ |lw —@j(p,w)| < 2v/17}.
We claim that i
~ H
0,w; (1, < —. 46
0.5 0)| < = (46)
Indeed, by the same arguments as in the proof of Lemma 11 and the com-
parison principle (17) we have

311.0) = 1./)| < K[[@(01.0) = @l laysa < 5 o =
using (40). As a consequence of (46)
O (lw —0j(p,w)) 21— —=—> = Vi>1
for 11/7°w small enough; we deduce |R;;| < 4v/1" .

Furthermore the set R;; is non-empty only if

2 2
W'l — l—;y < wj(p,w) <w'l+ Z—j

So, for every fixed [, the number of indices j such that R, ; # 0 is

1) < % <l(w” W)+ 47) F1< KW' — W)

i
where
6 = inf { B51(n,0) = B5(nw)| + > 1, (mw) € By}
For ||0||y/2 < K'pi/yw < R we have § > §; where
0y = inf{‘ijrl(u,w) —wi(p,w)| 2 J =1, € [ug, pa], |w]log2 < R} >0
(47)

as proved in the Appendix.
In conclusion, the measure of the complementary set is

+o0o
4
|C| < Z F%Kl(w” . w/) < K'(w” . w’)7
=1

and (44) is proved. Integrating on (u/, 1) we obtain (45). W

By Fubini Theorem also the section S, (w) is large, for w in a large set.
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Lemma 13. Let
Sy(w) =={p: (n,w) € By}.
For every R := (¢, 1) x (W',w"), v € (0,1) it results

‘{w c (w/7w//) . |S“{(w)”m (:ulnu )|
= p

Proof. Let consider

O = {w e Wow") : 18,0) N (1] 2 (0 = 1)1 =)
Q" ={we (W, ") |5/ | <

zl—M}

&
D)
=
;;:

Using the Fubini theorem

1"

R = [ 18N 0] (49)

= [ 1@ 0o+ [ 18,006 de
< (W =)+ (" = )@ =)
Minorating the left hand side in (49) by (45) yields
(W' = w)(1 = Key) <97+ (1 =907 = (" —o) =107 (50)

and therefore |27 < (w” — W) Kgv/v". We deduce by the first inequality in
(50) that |Q1] > (W” — W')(1 — Kg¢y/7'), namely (48). B

By (44)-(48) we deduce the measure estimates for the “sections” (in w
and p) of Uyc(o,1)B, stated after Theorem 1.
4 Inversion of the linearized problem

Here we prove Lemma 5. Decomposing in Fourier series f/'(u) = )", ., ax()
e* we have, Vh = 37, <, u(z)e™ € W,

—L,h+ puP,[f (u)h] = Z [wzlzphl + 0, (p &Jn)}em +

I<|U|<Nn
FpP (Y ae™) (YD ™)
keZ 1<|l|E Ny,
— Z [w2l2phl + O, (p azhl) + Maohl]em (51)
I<|U|<Nn
+u Z a hl 6i(kz+l)t (52)

R+ E{ LN}, B£0
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distinguishing the diagonal operator (51) by the off-diagonal term (52). Hence
L, (w) defined in (21) can be decomposed as

L,(w)h = p (Dh+ Myh + Msh) (53)

where

Np,
Dh = E Z (W2 Pphi+ (phy) + pag hy]e™

[I|=1
Mlh = H Z Qp—1 hl eikt (54)
[1],|k|e{1,...,Nn},l#k

Myh := %Pn [ (w) dv(p, w)[R]] .

To study the eigenvalues of D, we use Sturm-Liouville type techniques.

Lemma 14. (Sturm-Liouville) The eigenvalues \;(p,w) of the Sturm-
Liouville problem (16) form a strictly increasing sequence which tends to
+o00. Every \;(p, w) is simple and the following asymptotic formula holds

.2 K
(i, w) = i—2 F b+ Mpow) +r(mw),  |r(pw)| < - (55)

Vj > 1, (,w) € [, 2] x Br, where

T 1/2 s 1!
c = l / <B) dz, h— L { (pp) } 1 d.
T Jo \P dme Jo Lp/Pp | /PP
1y g 2(CTTRRGA
€T Jo VPP

The eigenfunctions o;(u, w) of (16) form an orthonormal basis of L*(0, )
with respect to the scalar product (y, Z)L% =c! fow yzpdx. For K big enough

M(p,w) = —

1 ™
D= [ pYF + [Kp = llyf (vl 0) + w)] g2 de
0

defines an equivalent scalar product on Hy(0,7) and

K'llylm < yluw < K" lyllzr - Vy € Hy. (56)

@i, w) is also an orthogonal basis of Hy(0, ) with respect to the scalar
product (', )uw and, fory =23 ;5. ;¢;(p,w),

lyliZ =07, Iyl =Y 57 (N w) + K). (57)

j>1 j>1
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Proof. In the Appendix. B
We develop Dh = 37, <, Dilu et where
1
Dz == [wpz + (p2) + paoz], Vze€ HY0,7)
P

and ag = Iy f(v(p, w) + w).
By Lemma 14 each D, is diagonal w.r.t the basis ¢;(p, w):

+00 +oo
z= Z 2ioi(u,w) € Hy(0,7m) = Djz= Z (Wl = X (s, w)) 25 5, w) -
j=1 Jj=1

Lemma 15. Suppose all the eigenvalues w?1*> — \;(p, w) are not zero. Then

25 5 u, )
‘D‘ 1/22’ — J
Zw 22— Xy )

satisfies

D72

K 1
2 < NGT 12l V2 € Hy(0,m) (58)

where oy := min sy [w?? — \;(u, w)| > 0.

Proof. By (57) |||D/|7' 22|12, < (1/a) ||z]|%,,- Hence (58) follows by the
equivalence of the norms (56). W

Lemma 16. (Inversion of D) Assume the non-resonance condition (23).
Then |D|~'2 : W — W defined by
‘D‘_1/2h — Z ‘Dl‘_1/2hl ez’lt
1<|l|<Ny,

satisfies

T—1

KN,?*

K
1D~ hllos < Ner 1All g4 751

Proof. By (58) and a_; = oy > yw/|l|™!

s < |hllgs, Vhew®

HDIT2RI2, = > DI 2R3 (1 + 12%)e*
1<[l[<Nn
K2l7—1
< X %thﬂﬁp(lJrl%)ez“
1<|l|<Nn
< _Hh||gs+7' 1
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because |I|771(1+ %) < 2(1+ |I]|>*T 1), V]I| > 1. &
To prove the invertibility of £,(w) we write (53) as
L,(w) = p|D|"*(U + T + T)|D|"/ (59)
where
U :=|D|7'2D|D|~'/?
(60)
T, .= |D|7V2 M |D|V2 L i=1,2.
With respect to the basis ¢;(u, w) e the operator U is diagonal and its
(1, 7)-th eigenvalue is sign(w?* — \;(u, w)) € {£1}, implying® ||U||, = 1.

The smallness of T} requires an analysis of the small divisors. Formula
(55) implies, by Taylor expansion, the asymptotic dispersion relation
j K
wil,w) — — < — 61
j(nw) — 2 < 2 (61)

and there exists K such that, for every = > 0,

2 = A () =minla* = )| S Ko (62

Lemma 17. Assume the non-resonance conditions (22)-(23) and w > 7.
Then V|k|, |l € {1,...,N,}, k#1

K~y3w 2
ooy > T -1
|].{; _ l‘?
where o; := min;>g [w?? — \; (1, w)|.

Proof. Since a_; = «y, VI, we can suppose [,k > 1.
We distinguish two cases, if k, [ are close or far one from each other. Let

g:=2-71)/T€(0,1).
Case 1. Let 2|k — I| > (max{k,})?. By (23)

(yw)? (yw)? C(yw)?
> > > .
— (kD)™ T (max{k,(})2—D — I — l|—2(Tﬁ;l)

677187/

Case 2. Let 0 < 2|k —1| < (max{k,(})?. In this case 2k > [ > k/2. Indeed, if

®The operator norm is [|[U|l, := sup, <1 1UAo-
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k > 1, then 2(k—1) < k°, so 21 > 2k—kP > k because 3 € (0,1). Analogously
it | > k.

Let 7, resp. 7, be an integer which realizes the minimum ay, resp. oy, and
write in short A\;(p) := \j(p, w), w;(p) == w;(p, w).

If both A\;(1), A;(1) <0, then oy > W12, o > W2k, ayay, > w* > yw?

If only \;(p) <0, then ayay, > w32 /™1 > 21 Tywd > 21774202,

The really resonant cases happen if \; (1), A;(1) > 0.

Suppose, for example, max{k,l} = k. By (61), |w;(1) — (j/c)| < K/j,
and, by (62), i > Kwk, j > Kwl. Hence, using also (22),

(k= wi() = (@l =) = (k= 1) = @ilh) = w3()
e o
~ 3K _ 27y 3K

> _2 20
— (k=07 wk T kST wk

because 2(k — 1) < kP, 21 > k. Since 7 < 1 and k < 21,

|(wh — wi(1) — (@l — ()] > %(k% b)) VE> (%)T —

The same conclusion if max{k,l} = [. Tt follows that, for max{k,[} >
k*, there holds |wk — w;(w)| > v/2k°" or |wl — w;(w)| > ~/21°". Suppose
lwk — w;(u)| > ~/2k°". Then

o = WK — wH ()] > |k — wi(lwk > 5K

Since [ < 2k, for oy we can use (23),

YR qw R, AR
> > k T T -
Qg = 2 lT—l - 97 o7

because 2 — 7 — 7 = 0.

On the other hand, if max{k,1} < k* = (K/wy)"~Y we can use (23)
for both k. (:
(yw)? (yw)? ~ (w)? (w_7>512<7—1> 2w
(kl)T—l (k*)Q(T—U o K K2

apog >

Since v < 1, taking the minimum for all these cases we conclude. B
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Lemma 18. (Estimate of T\ ) Assume the non-resonance conditions (22)-

(23), w > v, and Uy f'(u) = 3 ga(x)e™ € X | o-n. There exists K
’ 2—7

such that

K,u n
[T3h]l, < Vi T £ ()l 51 z=n 1llo - Vh€ W

Proof. Yhe W™ Tih= > 1<pb<n, (T1h)k e™ where

(Tvh)e = |Dy|”*(My|D|7"?h),
= DR DI

1<|[|<Np, 1k

Setting A, := ||am/p| 1, using (58) and Lemma 17,

A Kp
(Tl < Kpo > —=——= |l < = Sk (63)
1<|[|<Nn, 1k V Ve W

where

T(rt—1)
Ski= > Alk =12 [[hllm

U< No, L2k

By (63) we get, defining S(t) := Z\erzl S, ekt

ITuhll; = }:HYE Jellf (1 + k?)e* ™

k=1
Nn
(%)2 “; S2(1 4 k)¢ IH — (55) 152

T(T—

. . Do .
Since S = P, () with p(t) := Y, Aill] 27 €™ and ¢ (t) = Z“' Al g €™

Kp Ku /
Tl < S5 Nelloliolle < 55 s |y I
because [¢lls < 2Ty J'(u)],, s and ], = il m
Lemma 19. (Estimate of T,) Suppose that y f'(u) € XU,HTT—L Then
K,U n
Hnmus;;wnwfwmw+%ﬂmm, Vhew

for some K.
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Proof. By the definitions (60),(54) and Lemma 16,

ITohll, < \/%HMzIDI_WhHU,Hy
< % T 0) 2ot o) [ DI 72H] e
= T )l o) DI
because d,,v(u, w)[|D|~Y/2h] € V. By Lemmas 4 and 16
ldup w) [|DI72h] [y < B[ DAy oo < % [l

implying the thesis. B

Proof of Lemma 5. ||U|,=1. If |T} + T3||, < 1/2, then by Neumann
series U + Ty + Ty is invertible in (W™ || ||,) and [|[(U + Ty + T3) 7|y < 2.
By Lemmas 18, 19, this condition is verified if we choose K in (24) small
enough. Hence, inverting (59)

Lo(w)h = |D["2(U+ T + Tg)_1|D|‘1/Q<%>

which, using Lemma 16, yields (25). W

5 Appendix

Proof of Lemma 14. Let a(z) € L?(0,7). Under the “Liouville change
of variable”

r=(© & e=olo g [ (40) Tas o

we have that (A, y(z)) satisfies

—(p(2)y' () + a(x)y(x) = Ap(x)y(z)
{y<0> —y(m) = (95)
if and only if (v, z(§)) satisfies
—2"(€) + (&) + a(§)] 2(£) = vz(£)
{Z(O) =z(m) =0 (66)
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where

v=c () = /o) @), 2(8) =y((E) r(v(E)),

_ 2 a(©) _ 2 _prt Lepyr
a@ = ey wO=cewe),  @="T+5(0)
By [20], Theorem 4 in Chapter 2, p.35, the eigenvalues of (66) form an

increasing sequence v; satisfying the asympototics

v, :j2+%/ow(q+a)d£ — %/OWCOS(QJ'O(Q(O+Oé(€))d§+7"j= 751 S%

where C' := C(||g + a||z2) is a positive constant. Moreover every v; is simple
([20], Theorem 2, p.30).
Since p, p are positive and belong to H?, if a € H' then ¢,a € H'.
Integrating by parts | [ cos(2j€)(q + o) dé| < |lg + || g1/ and so
5 1 [T C’
Vj :J2+—/ (g+a)dé+rj, |} < —
™ Jo J
for some C” := C’(||qg+ a|z1). Dividing by ¢? and using the inverse Liouville
change of variable we obtain the formula for the eigenvalues A;(a) of (65)

9 . .
v =L+ [T L k@, ) < S 60
c wc Jo D ¢ Jo /PP
for some C(p, p, ||a||z1) > 0. Formula (55) follows for a(x) = —pully f'(v(p, w)
+w)(z) and some algebra.

By [20], Theorem 7 p.43, the eigenfunctions of (66) form an orthonormal
basis for L2. Applying in the integrals the Liouville change of variable, the
eigenfunctions ¢;(a) of (65) form an orthonormal basis for L? w.r.t. the
scalar product (, )zz.

Finally, since ¢; := ¢;(a) solves

—(pe;)' + (Kp+a)p; = (Aj(a) + K)pg; ,

multiplying by ¢; and integrating by parts gives
(@55 Pi)uw = 0ij(Aj(a) + K)
and (57) follows (note that A\;(a) + K > 0, Vj, for K large enough). B

Proof of (17). Let a,b € H'(0,7) and consider o = ca(y)/p(v)),
B = c*b(¥)/p(1)) constructed as above via the Liouville change of variable
(64). By [20], p.34, for every j
1 1
Aj(a) = X)) = Slvi(a) —vi(B)] < Zlla = Blleo < Klla bl (68)
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and (17) follows by the mean value theorem because plly f(v(u, w)+w) has
bounded derivatives on bounded sets. W

K
J

Proof of (47). By the asymptotic formula (61)
!
c

i o 4 ) — w5 (1, 0)]| > >

1’]1121{1 Wi\, W Wi, w)| = %

if j > K/2¢, uniformly in p € [y, 2], w € Bg. For 1 < j < K/2c¢ the
minimum

m; = min Wi W) — wil, w
’ (va)e[ﬂhuz]xBR‘ j (1, w) (1, w)|

is attained because a — A;j(a) is a compact function on H' by (68) and the
compact embedding H'(0,7) < L>(0, ) (see also [20], Theorem 3 p.31 and
p.34). Each m; > 0 because all the eigenvalues \; are simple. H
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